Strongly Semistable Bundles on a Curve over a finite field 

S. Subramanian 



Abstract 

We show that a principal G bundle on a smooth projective curve over a finite 
field is strongly semistable if and only if it is defined by a representation of 
the fundamental group scheme of the curve into G. 
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1. Introduction 

Let G be a semisimple algebraic group and X a smooth projective curve, 
both defined over a finite field k of characteristic p. Let E ^ X he a principal 
G-bundle on X. E is said to be stable (resp. semistable) if for every reduction 
of structure group i^^p C i^^ to a parabolic subgroup P of G, we have 

deg Ep{p) < (resp. <) deg Eg{q) 

where q and p denote the he algebras of G and P respectivelyand (p) (respectively 
£'g(0)) denotes the Lie algebra bundle associated to -Ep (respectively Eg) by 
the adjoint action of P(respectively G)on p (respectively q). When the base 
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field is the field of complex numbers, the theorem of Narasimhan-Seshadri- 
Ramanathan says that a stable G-bundle is defined by a unitary representa- 
tion of the topological fundamental group of X. In this article, we show that 
in the case when A; is a finite field, a strongly semistable principal G-bundle on 
X (recall that a bundle is said to be strongly semistable if all of its Frobenius 
pull backs are semistable) is defined by a representation of the fundamental 
group scheme Tr{X) — > G. Here, by fundamental group scheme, we mean 
the proalgebraic group scheme introduced by M. Nori in [3], [4]. The author 
wishes to thank the referee for his helpful comments on an earlier version of 
this paper. 

2 .Preliminaries 

Let A; be a finite field of characteristic p and let X be a smooth projective 
curve defined over k. We assume that X has a rational point (say x) defined 
over k. A vector bundle V ^ X (over k) of degree zero is said to be essentially 
finite if there exists a finite group scheme H over k and a principal if-bundle 
71 : Eq —>■ X on X , such that 7r*V is trivial on £"0 (see Proposition(3.10),page 
83, in [5]). Let C denote the category of all essentially finite vector bundles 
defined on X over k. We define a fibre functor T on C by defining T{V) — V^, 
the fibre oiV at x, for every V E C. With this fibre functor, C is a Tannaka 
category over k (see section 2.3 in [5]). The associated affine group scheme 
7r(X, x) is called the fundamental group scheme of X over k. Further, there 
is a principal 7i{X, x) bundle X ^ X over k (see section 2.3,page 84,in 
[5]). Given a semisimple algebraic group G over k, and an algebraic group 
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homomorphism 7r(X, x) — > G (such a homomorphism factors through a finite 
group scheme quotient of n{X,x)), there is associated a principal G-bundle 
E ^ X, associated to X X hj the homomorphism tt{X, x) G. 

We now consider a principal G bundle E —>■ X, which we assume to be 
strongly semistable. Since G is assumed to be semisimple, we can find a 
G-module V such that G C SL{V). The associated vector bundle E{V) is 
strongly semistable by the theorem of Ramanan-Ramanathan (see Theorem 
3.23 in [6] ). We form the category A4 whose objects are subquotients of 
degree zero of finite direct sums 

0E(T/)®"* e EiV)*®""' 

i 

where riijUii are nonnegative integers.The homomorphisms in M. are all ho- 
momorphisms of the respective vector bundles on X. Given a vector bundle 
in At, we can associate to it its fibre Wx at x, and with this as the fibre 
functor, is a Tannaka category over k (see Section 4 in [1]). There is 
an associated affine group scheme M, called the monodromy group scheme 
of £'.Purther,if Vect{X) denotes the category of vector bundles on X,then 
there is a naturally defined functor (f) : M. ^ Vect{X) which associates to an 
object of M. the vector bundle on X that it represents. The functor satis- 
fies the axioms of Lemma(2.1),page 77, in [5].Hence,by Proposition(2.5),page 
78,in [5], we obtain a principal M-bundle Em X on X, defined over k 
(see [l],section 4). Further, since A; is a finite field, H^{k,G) is trivial (see 
Theorem l',section 2. 3, Chapter 3, page 132 in [7]), and hence we can assume 
that there is a A; rational point in the fibre E^ of E at x. With this choice of 
point in E^., we obtain an embedding M G G, and a reduction of structure 
group Em C E (see section 4 in [1] for details). The monodromy group 
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scheme M and the bundle Em do not depend on the choice of representa- 
tion G C 5'L(V^),and the bundle Em is characterised as the minimal degree 
zero reduction of structure group oi E{see Proposition 4. 9, Corollary 4.10 and 
Proposition 4.11 in [1]). 

3. Main Theorem 

Let k he a finite field and let X be a smooth projective curve over k. We 
assume that X has a rational point x over k. Let G be a semisimple algebraic 
group over k. Let F denote the Frobenius morphism on X. 

Definition (3.1) A principal G bundle E ^ X on X over k is said to be 
semistable if, for every reduction of structure group Ep (Z E to a parabolic 
subgroup P of G, we have 

degree Ep{p) < 0. 

The principal bundle is said to be strongly semistable if F"'* E is semistable 
for all n > 1. We can now prove 

Theorem (3.2) Let E ^ X he a strongly semistable G-bundle on X 
over k. Then E ^ X is defined by a homomorphism 7r{X,x) — > G. This 
homomorphism Tr{X, x) ^ G is unique upto inner conjugation by an element 
of G{k). Further, if G' is another semisimple algebraic group over k and 
G — > G" a homomorphism of algebraic groups, then the strongly semistable 
G' bundle Eqi X associated to — > X is defined by the composite 
homomorphism 7r{X, x) G ^ G' . 
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Proof. By hypothesis, the bundles F"'*E, n > 1 are all semistable. Since 
/c is a finite field, by boundedness, the set {F'^*E,n > 1} is a finite set. 
Hence = F^''+^>E for some positive integers n and £. We now consider 

the monodromy group scheme M^, and the monodromy bundle £^m„, of the 
bundle F''*E for n > (with the convention that F^*E = E). Let F„ 
denote the Probenius morphism of the group scheme M„. The isomorphism 
pn*^ ^ Fi^+(-)*E implies that F^(M„) = Mn+e = M„, and further the 
monodromy bundles Em^ and Em^^^ are isomorphic. We now observe that 
the isomorphism 

implies that the group scheme M„ is finite and reduced. Then by Lemma 
(4.12) in [1], it follows that MQ^redi the reduced part of the group scheme 
Mo (where Mq denotes the monodromy group scheme of the bundle E), is 
isomorphic to M„. Also, if Fq denotes the Probenius morphism of Mo,we obtain 
Fq{Mo) ~ M„. Hence Mq is a finite group scheme over k. The monodromy 
bundle EM^•, is a principal Mq bundle on X, and the reduction of structure 
group Emo C E implies that the pull back of the bundle E to Em^ is trivial. 
The principal Mq bundle Em^ X defines a quotient 7r(X, x) Mq (see 
[5]), and the composite homomorphism 

7r(X,x) ^ Mo ^ G 

is the homomorphism we want defining the principal G-bundle E. 

For the second part, let G ^ G' be a homomorphism of semisimple groups 
over k. Since G is semisimple, there are three cases to consider: 

Case (i) G C G' is a closed immersion: in this faithful representation of 
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G' is also a faithful representation of G, and the result follows from the 
fact that the monodromy group scheme and the monodromy bundle of 
E are independent of the choice of representation. 

Case (ii) G — > G' is a central isogeny: we consider the case G' — G/Z, where 
Z is the centre of G. Let M be the monodromy group scheme of E 
and Em the monodromy bundle. Let Af be the image of M in G' 
and Em' the bundle associated to Em by the projection M ^ M' . 
Then E' has a reduction of structure group Em' C E' to M', of degree 
zero(see Definition 4.7 in [1]). If is a group scheme over k and 
Eh G E' a reduction of structure group of E' of degree zero to H, with 
H C M', then taking H to be the inverse image of H in G, we obtain 
a principal H bundle Eg and a reduction of structure group Ejj <Z E 
of degree zero with H <Z M. This contradicts the minimality of M 
and Em (see Corollary (4.10) in [1]). It follows that M' is the minimal 
subgroup scheme of G' with a degree zero reduction of structure group 
to M' . Hence, again by Corollary (4.10) in [1], it follows that M' is the 
monodromy group scheme of E' and Em' is the monodromy bundle of 
E'. 

Case(iii) G ^ G' is purely inseparable:to treat this case,it is enough to con- 
sider the Probenius morphism F : G ^ G,as the general case is what 
is usually called a Probenius sandwich. Given the principal G bundle 

E X,the bundle induced by the Probenius F : G ^ G \s the pull- 
back F*i?(whcrc the pullback is taken under the Probenius morhism 
of X).hei M be the monodromy groupscheme of E and Em C E the 
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monodromy reduction.We know that M is a finite groupscheme.Let Fm 
denote the Probenius morphism of M and let M' be the image of M 
under FM-The M bundle Em induces a M' bundle Em' and a reduction 
of structure group Em' C F*E.U there exists a proper subgroupsheme 
N C M' and a reduction of structure group E^ C Em', then the inverse 
image of E^ under the projection Em — Em' would define a reduction 
of structure group of £'m, contradicting the minimality of £Jm -Therefore 
Em' is a minimal reduction of structure group of F*E,a.nd hence is the 
monodrmy reduction. 

It now follows that the monodromy of the bundle E' is given by the composite 
homomorphism n{X, x) ^ G ^ G' . Q.E.D. 

4. When X does not have a rational point 

Let X be a smooth projective curve over a finite field k as before and let 
E ^ X he B. principal G bundle on X which is strongly semistable.Let I 

be a finite Galois extension of k over which X acquires a rational point. Let 
Xi denote the base change of X to Spec{l) and Ei the base change of E to 
Spec{l). Then by sections ahoye,Ei is defined by a homomorphism 7r(X/) 
G/, where n{Xi) denotes the fundamental group sheme of Xi and Gi denotes 
the base change of G to Spec{l). We have the following exact sequence of 
group schemes over Spec{k), 

1 ^ 7r{Xi, x) 7r{X, x) Gal(l/k) 1 

where a; is a closed point of X with residue field /.so it is a rational point 
over l,Tr is the fundamental group scheme,and Gal{l/k) is the Galois group 
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of / over /c.Here vr (X^ , x) , which is a group scheme over Spec{l),is regarded 
as a group scheme over Spec{k) by the projection Spec{l) Spec{k).The 
homomorphism tt{Xi,x) —>■ Gi factors through a finite group scheme quo- 
tient, say iJ,of 7r(X;, a;). Since Ei is actually defined over /c,it follows that the 
monodromy group scheme M of i?/,and the monodromy reduction Em C -E/, 
remain invariant under the action of Gal{l/k) on i?;. Hence the subgroup- 
scheme H G Gi remains invariant under the action of Gal{l/k).EveTY group- 
sheme quotient of vr(X;, x) invariant under the action of Gal{l/k) on vr(Xi, x) 
descends to a quotient of 7r(X, x). Hence if is a quotient of 7r(X, x) and we 
obtain the homomorphism 7r(X, x) ^ G defining E on X over k. 
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